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MODIFIED PARTIAL-GEOMETRIC DISTRIBUTION: PROPERTIES, METHOD OF ESTIMATIONS
AND NUMERICAL SIMULATION

RAHMAT AL KAFI! AND PAWAT PAKSARANUWAT?*

ABSTRACT. This article introduces a modified version of the partial-geometric distribution, derived by raising the
partial-geometric cumulative distribution function to the power of a positive real number. Several distributional
functions and quantities of the proposed distributions are derived. A significant property of the proposed distri-
bution, other than exhibiting various dispersal behaviors, is its non-constant hazard rate function, a characteristic
not present in the original partial-geometric distribution. Several estimation methods for the model parameters
are discussed. However, maximum likelihood estimation (MLE) is ultimately employed due to its simplicity and
unbiasedness. Numerical studies are conducted to examine the quality of MLE estimators, demonstrating that

the average estimate for each parameter tends its true value as the sample size gets larger.

1. INTRODUCTION

The development of probability distributions has long been a central focus in statistical research, partic-
ularly in the context of modeling count data. Classic discrete distributions, such as the Poisson, binomial,
negative binomial, and geometric, often exhibit limited flexibility in capturing the dispersion characteristics
commonly observed in empirical count data. This limitation presents a substantial concern for researchers,
as the Poisson distribution is appropriate only for equi-dispersed data, the binomial distribution is suited to
under-dispersed data, and both the negative binomial and geometric distributions are typically employed
for over-dispersed data.

In recent years, there has been increasing demand for novel discrete distributions capable of capturing
the diverse nature of randomness observed in real-world phenomena. To enhance flexibility in model-
ing such data, many researchers have proposed modified or transformed versions of well-established dis-
tributions. Additionally, various discretization techniques, such as those based on survival functions or
cumulative distribution functions, have been employed to derive discrete analogues from continuous dis-
tributions [1-7]. Others have combined two existing distributions, as seen in the work of [8-14]. However,
these distributions are generally suited to specific dispersion behaviors. In contrast, Krisada et al. intro-
duced the partial-geometric (PG) distribution, an extension of the geometric distribution that can model
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under-dispersed, equi-dispersed and over-dispersed data [15]. As the PG distribution has closed-form ex-
pressions for its cumulative distribution functions (CDF), developing its CDF would be interesting to create
a new discrete distribution with the PG as the baseline distribution.

In this article, we introduce a modified partial-geometric (MPG) distribution. The MPG is constructed
by exponentiating the CDF of the PG distribution through the inclusion of an additional parameter. The
technique of exponentiating a CDF has never been attempted to discrete type distributions, except the
geometric distribution by [16]. However, the proposed distibution by [16] does not offer flexibility since it
is only suitable for over-dispersed data. Nevertheless, the exponentiating method has been widely applied
to continuous distributions, such as the work of [17-22], and has been proven to enhance their flexibility.
Herein, the modified partial-geometric distribution provides wider flexibility than the partial-geometric,
which is able to model and generate count data that exhibit a variety of dispersal behavior, as well as diverse
hazard rate and probability mass function shapes. By an extra parameter: (1) the hazard rate function of
MPG can be in the form of increasing and decreasing in addition to constant. (2) the mass function of MPG
can be in the form of decreasing-upside-down in addition to decreasing and upside-down.

2. BASIC THEORY: A BRIEF REVIEW ON PARTIAL-GEOMETRIC DISTRIBUTION

The partial-geometric (PG) distribution, introduced by [15] as an extension of geometric distribution,
provides more flexibility than the geometric distribution as it is potential to capture not only over-dispersed
data but also under-dispersed data. A non-negative random variable X has the PG distribution with pa-

p

rameters p € (0,1) and o € [O, ﬁ} if its probability mass function (PMF) takes the form

1- 20D g =g
px(k) = o 2.1)
a(l—pF ifk=1,2,...

3. THE MODIFIED PARTIAL-GEOMETRIC DISTRIBUTION

3.1. Cumulative distribution and probability mass functions. The basic idea of constructing the modified
partial-geometric (MPG) distribution came by investigating the cumulative distribution function (CDF) of
the partial-geometric (PG) distribution with the corresponding probability mass function (PMF) given in
Eq. (2.1). However, the study in [15] does not provide CDF of the PG distribution. For this purpose, we
derive CDF of the PG distribution in advance. Let X be a non-negative integer random variable following
PG(p, o) distribution with its PMF given in Eq. (2.1). Then the corresponding CDF is obtained as follows:

k

Fi(h) =3 fx(i) = (1—0‘“1)‘7’)) fa(l-p)tall—p+-+a(l—p)

_,_ad=—p*
p

By powering a positive real number A to the two-hand side of Eq. (3.1), it transforms into Eq. (3.2).
; a(l —p)ktt A
P = (1- 2022 62

The value of A must be positive in order to preserve the properties of the CDEF, and leads to the following
definition of MPG distribution.



Pan-Amer. J. Math. 4 (2025), 21 3

Definition 3.1. A non-negative integer random variable ¥ has the MPG distribution, denoted by

MPG(p, a, ), if its CDF takes the form

a(l —p)w17?
p

where 0 <p<1,0<a< ﬁ, and A > 0 is a shape parameter.

Fy(y) = |1- , y20, (3.3)

In particular, if A = 1, then the MPG(p, o, A) simplifies to PG(p, o). Therefore, the partial-geometric distri-
bution is a submodel of modified partial-geometric distribution.

By the CDF in Eq. (3.3), other distributional functions alongside basic distributional quantities can be
derived. For more convenient, the CDF in Eq. (3.3) can be rewritten into series expansion. By using the
binomial expansion

142)” = ‘ 34
(1+2) ; ( o', (34)
Eq. (3.3) becomes

A =3 () (-22) a-pi vzo 65)
3=0
The corresponding PMF for the CDF in Eq. (3.3) is
A A
py(y) =Fy(y) —Fy(y—1) = [1—04(1_;))%1} - [1—(1(1;17)? ; (3.6)

A
fory = 1,2,... and py(0) = Fy(0) = [1 — #} . However, by using expansion in Eq. (3.4), Eq. (3.6)

becomes | |
=) 0 £ ) (5 0
= io (j) (_04(1p—p)>-7' (1—p) WY1 —p)y —1], fory=1,2,... (3.7)
py (0) = [1 — a(l_mr.
p

The PMF plots of the MPG distribution are presented in Fig. 1. While the PMF of the original PG distri-
bution exhibits only decreasing or unimodal (upside-down) shapes [15], the PMF of the proposed MPG
distribution demonstrates greater flexibility, allowing for decreasing, unimodal, and more complex forms
such as a decreasing-unimodal pattern.

3.2. Shape parameter A analysis. This section provides the analysis of shape parameter A in the MPG
distribution. A shape parameter has been able to add more shapes to the PMF and hazard rate graphs of a
probability distribution. This parameter is important because it allows the users to see if a distribution can
be fitted to a given dataset by comparing the shape of the histogram (empirical distribution) with possible
curves of PMFE. Moreover, shape parameter is also useful to see if a distribution is suitable for data with
monotonic or non-monotonic hazard rates.

Let Y ~ MPG(p, a, A), the hazard rate function of Y is

| a1 T a-p]?
h”y):gﬁ%:[ 1p{1}a(1[p)v+lrp ] s y=12,.... (3.8)
p
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FIGURE 1. The PMF plots of the modified partial-geometric distribution with p > a, p < «
and different values of A.

Since Eq. (3.8) is too complex, a graphical approach becomes relevant to be considered to show the shapes
(patterns) of hazard rate. Fig. 2 and Fig. 3 present the hazard rate plots of the MPG distribution with
selected values of shape parameter A and it shows that for any combination of p and «, the hazard rate
is monotonically decreasing when A < 1 or monotonically increasing when A > 1. On the other hand,
when A = 1 (PG distribution), the hazard rate is only a constant function. Therefore, the shape parameter A
enhances the flexibility to the hazard rate function of the MPG.
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FIGURE 2. The hazard plots of the modified partial-geometric distribution with p < « and

different values of \.
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FIGURE 3. The hazard plots of the modified partial-geometric distribution with p > « and

different values of ).

3.3. Moment and probability generating functions. Moment generating function (MGF) and probability
generating function (PGF) are useful to calculate some measures, such as moments of distribution.
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Theorem 3.2. Let Y denotes the MPG random variable in which PMF given in Eq. (3.7). The MGF of Y is

w0 =3 (2) (-2 ) n- - ST < st -

=\ p
Proof.
My (t) = E[e"]
= |3 () () iy
J p
y=0 7=0
(A a(l—p)\’ j C ty y—1)j
—g(j) (-2 -y - lg (1 - p) >] )
=3 () (<22 - |- ) = )
J p
j7=0 y=0
(N (o= g A=)
_;J(J)( p >[1 S
Eq. (3.9) holds if and only if
lef(1—p)’| < 1,
or equivalent to ¢ < —jlog(1 — p). O

Theorem 3.3. Let Y denotes the MPG random variable in which PMF given in Eq. (3.7). The PGF of Y is
(A a(l—p)>j _jy_td—p)
Gy (t) = N (-———=) -1 -p) ) ————,
v ;(g)( ) - -
where —(1 —p)™7 <t < (1 —p)~7.

Proof.

_ i () (- p>)] [(1—p) — 1 [(1 )7 §<t<1 —oY)
] i G) (‘a(lp_p))J 1= -p It 1<;p);>f'

Eq. (3.10) holds if and only if
[t =pY <1,

or equivalentto —(1 —p) ™ <t < (1 —p)~7. H
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3.4. Mean, variance, and index of dispersion. This subsection provides some basic distributional quanti-
ties of the MPG, such as mean, variance and index of dispersion (IOD).

Theorem 3.4. Let Y denotes the MPG random variable in which PMF given in Eq. (3.7). The mean (first moment)

of YVis ‘
(N (e=-pN o (=p)
E(Y)_j;(j)( ) L e e 10
Proof.
d
E(Y) = 2 My (t)li=o
(AN ([ all=p)Y Ly el—p)
= (])( p ) L= = o
N (el =pN o (=p)y
= (])( p ) S e e
O

Theorem 3.5. Let Y denotes the MPG random variable in which PMF given in Eq. (3.7). The second moment of Y’
is

s (A (a=p)Y (= pY+ (1 —p)]
E”)‘Zz(j)( ) - e 12
Proof.
2 d?
B(Y?) = 5 My (0o
(AN [ e=p)\ et = pY[L et = p)]
_J—0<j)( P )[1 S
AN [ e=p)\ i =pY [+ (1 —p)]
_J-o<j)( ) -
]
Theorem 3.6. Let Y denotes the MPG random variable in which PMF given in Eq. (3.7). The variance of Y is
(N [ all-p)Y’ o (1—p)[l+(1—p)
Var(Y):jZ%(j) <_ (p p)) [1—(1—1?) ]}( [1p)_ [(lt;)j]gp)]
(3.13)

[EOC) et

Proof.

p -1 =p)]?
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Furthermore, we can obtain the index of dispersion (I0OD) which is the ratio of the variance to the mean.
There are three types of dispersal behavior, that is underdispersion, equidispersion, and overdispersion,
respectively, when its IOD is less than one, equals to one, and more than one. However, since mathematical
expressions of the variance and mean of the MPG distribution are too complex, the form of its IOD is
complex as well. Hence, numerical simulation of IOD is conducted by selecting several parameter values
to produce various values of the IOD. Table 1 presents IOD values of the MPG distribution, and it indicates
that the MPG distribution can be under-dispersed, equi-dispersed and over-dispersed, which are resulted
from various combinations of p, & and A. Moreover, in any fixed combinations of p and «, the IOD is
larger as the value of A decreases. Therefore, it is sufficient to conclude that the shape parameter A can also
influence the way data in the MPG distribution likely dispersed relative to its mean.

TABLE 1. Index of dispersion of the MPG distribution for different value of p, o and .

P a | A | Mean | Second Moment | Variance | 10D
05 103]|25]| 1.285 4.1378 24866 | 1.9351
05 (03| 1 0.6 1.8 1.44 24
05 [03|05|0.3174 0.928 0.8273 | 2.6065

0.75 | 15|25 | 1.2093 2.255 0.7926 | 0.6554
075 15| 1 | 0.6667 1.1111 0.6667 1
07515 ]0.5 | 0.3784 0.6054 0.4622 | 1.2215
0.75 | 2.7 | 2.5 | 1.6493 3.4409 0.7207 | 0.437
075127 1 1.2 2 0.56 0.4667
0.7512.7 1 0.5 | 0.8414 1.2575 0.5496 | 0.6532
05 | 05|25 1.9227 6.5192 2.8224 | 1.4679
05 (05| 1 1 3 2 2
0.5 [ 05|05 |0.5546 1.5854 1.2778 | 2.304

3.5. Quantiles of the MPG distribution.

Theorem 3.7. Let Y denotes the MPG random variable in which CDF given in Eq. (3.3). The r quantile (or 100r-th
percentile) of Y is any non-negative integer y, belong to the following closed interval.

log {p(l—ri)} log {p(l—ri)}
S N R T S— (3.14)

S UYr > s
log(1 - p) log(1 —p)
where 0 < r < 1.

Proof. The r quantile (or 100r-th percentile) of Y is any non-negative integer y, such that the following
inequality holds.
Fy(y, ) <r < Fy(yr), (3.15)

where 0 < r < 1. The inequality in Eq. (3.15) leads to the following inequalities

log {P(lj;'i) } log {P(l;r’l\)}
— < land y, < —————=

log(1 —p) ~  log(1-p)
or it can be rewritten as follows

log{puri)} log{puri)}
S N R Y G—"

log(1 —p) = V= Tog(1—p)

Yr =
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Hence, the quantile y, is the non-negative integers between these values. 0
1
o i

Moreover, if — G=py is not an integer, the r quantile of the MPG distribution is unique and given as

follows:
1
p(=rX)
log { - }
=|——2 3.16
o log(1-p) |’ (310

where | -] is the floor function.

4. PARAMETER ESTIMATIONS

4.1. Moment matching. Moment matching is a statistical technique used to estimate parameters of a prob-
ability distribution by equating the theoretical moments of the distribution (like the mean, variance, etc.)
to the corresponding empirical (sample) moments computed from data. Given a random sample of size n,
the k-th empirical moment is defined as follows:

1< 4
my = E;yl 4.1)

Since there are three parameters within the modified partial-geometric (MPG) distribution, three moment
matchings are then necessary. For example, we can match the first and second moments of the MPG with
the first and second empirical moments, respectively, and also match the variance of the MPG with the

empirical variance. Therefore, we obtain

(AN (ell=p)Y L (1=p)y o
E(Y)_Jz_:()(j)( p >[1 G g e = 2
2 = (N [ el-p)Y’ s A=pl+(1-p¥

E(Y)_jz—:o(j) <_ p >[1_(1_p) P ™ )
/A a(l—p)\’ o (l=pY 4 (1—p)¥
Vam:z%(j) (-5 - ae
2
SN (a=pY o (=py (4.4)
Z(J( e L e e

=m2 — (ml)Qv

where m; and my are obtained from Eq. (4.1). However, the above equations are too difficult to be solved
even using numerical approaches.

4.2. Percentile matching. Percentile matching method is a technique used to estimate parameters of a
probability distribution by matching empirical (sample) percentiles to the theoretical percentiles of the dis-
tribution. Given a random sample of size n, the 100r-th empirical estimate of a percentile is calculated as
follows:
m = (1 = h)yy) + hyi1), (4.5)
where
O0<r<l; j=[(n+Dr]; h=(n+1)r—j,

and y(1) < y(2) < ... < y(n) are the order observed values from the sample.
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As there are three parameters within the modified partial-geometric (MPG) distribution, three percentile
matchings are then necessary. For example, we can match the 25-th, 50-th, and 75-th percentiles of the MPG
with the 25-th, 50-th, and 75-th empirical percentiles, respectively. For more convenient, assume that the
condition for Eq. (3.16) is fulfilled. Then, we obtain

log {p(l—(0.25)/1\)}
= = 4.

Yo.25 log(l — p) 70.25, (4.6)
log { p(1—(0.5)%) }

_ — 4.7

Yo.5 log(1 — p) T0.5, (4.7)
log {p(1—(o.75)i)}

_ — 5, 4.8

Yo.75 log(1 — p) To.7 (4.8)

where .25, 9.5 and 7 75 are obtained from Eq. (4.5). However, the above equations are too difficult to
be solved even using numerical approaches. Moreover, percentile method produce different solutions for
different selected percentiles. It is not efficient for users to determine the right percentiles to obtain good
estimators.

4.3. Maximum likelihood estimation. In this research, the maximum likelihood estimation (MLE) is ap-
plied to estimate the parameters of MPG distribution as the MLE will result in minimum-variance unbiased
estimator for large sample size. Let Y7, Y5, ..., Y, be an independent and identically distributed (i.i.d) ran-
dom sample of size n from the MPG distributed population, MPG(p, o, ), and y1, y2, - . ., yn, be the realiza-
tion values of random variables Y7, Y5, ..., Y, respectively. For every k = 0, 1, 2, .. ., nj, denotes the number
of observations where Y = k. Let n denotes total number of observations (sample size). Hence

oo
n = E N
k=0

The likelihood function can be written as

L(p, o, A 91,92, - yn) = [Pr(Y = 0)]"™ [[Pr(Y = k)]

(f- )

(=] -] )

k=1

Taking the logarithm of the likelihood function, we obtain the log-likelihood function:

(p, o, AN | y1,Y2y -+, Yn) = Ang log [1 — a(lp—p)}
o o Nk+17A kA (4-9)
JrI;nklog([la(l pp) } — {1a(1pp) } ),

where0<p<1,0§a§%,and)\>0.
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The value of p, a and A that maximizes Eq. (4.9) can be obtained by solving the following system of
partial differential equations:

ol ang
7= - {1_ i p] +an log(g(k:p,a, )] = (4.10)
ol
5o = —|— an [log(g(k;p,a, A))] =0 (4.11)
ol
afnolog {1 ] +Zn — [log(g(k;p,a, N))] =0 (4.12)

. _ a(1—p)*+1 1 a(1-p)*1*
where g(k;p,a, ) = |1 — T} — {1 - #} .

It requires a numerical approach to find , & and A. However, instead of maximizing the log-likelihood
function in Eq. (4.9), minimizing the negative log-likelihood function is more preferable. This study em-
ploys the augmented Lagrangian minimization method (see [23]) to find p, & and A that minimize the
negative log-likelihood function formed by the MPG random sample. This method is chosen due to its
suitability in optimizing nonlinear objective functions with linear or nonlinear equality and inequality con-
straints [23]. We run this algorithm using "auglag" function in the R programming.

5. NUMERICAL SIMULATION

This section presents numerical simulations to assess the performance of proposed estimators for some
specified values of the parameters of the MPG distribution, using simulated data with several sizes. The
simulation is begun by performing Monte Carlo experiment to generate data of size n from the MPG dis-
tribution and it is repeated 10,000 times. The estimated parameters are obtained using the MLE and aug-
mented Lagrangian minimization method as discussed in Subsection 4.3. The performance of the MLE
estimator is evaluated using two measures, the average estimate and the mean squared error (MSE), which
are given as follows:

SO e TG -

10.000 & MSE= 10, 000

where 7; is the fitted value for the considered parameter on the j-th experiment and 7 is the true value of

Average estimate =

the considered parameter. The numerical results are presented in Table 2.

According to Table 2, the average estimates of the parameters are generally close to their true values,
with deviations not exceeding 0.5. Furthermore, the accuracy of the estimates improves as the sample size
increases, as evidenced by the corresponding decrease in mean squared error (MSE). These findings support
the conclusion that the MLE estimators, as presenting in Subsection 4.3, are suitable as point estimators of
the respective parameters.

6. CONCLUSION

This research introduces the novel modified partial-geometric (MPG) distribution which is constructed
by taking the CDF of partial-geometric (PG) distribution to the power of positive real number. As confirmed
by its IOD, the MPG distribution offers greater flexibility than the majority of existing distributions, as it can
generate under-dispersed, equi-dispersed, and over-dispersed data. Moreover, the hazard rate shapes of
the MPG distribution can also be increasing and decreasing which cannot be achieved by partial-geometric
(PG) distribution. This study also derived essential probability properties of the MPG distribution, includ-
ing its MGF and PGFE.
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TABLE 2. Numerical results of MPG distribution parameter estimation for simulated data
of size n.

Para Average Estimate MSE

meter |n =100 n=2500 n=1000|n =100 n=>500 n=1000
p=0.5 | 04969 04832 04872 | 0.0203 0.0050  0.0027
a=02 ] 02398 02483  0.2449 | 0.1054 0.0425  0.0333
A=05 | 17840 09533  0.7821 | 4.4894 1.1933  0.5985
p=03 | 03031 02994 02993 | 0.0009 0.0002  0.0001
a=04 | 04032 04033 04014 | 0.0044 0.0007  0.0004
A=25 | 28067 24805 24807 | 32493 0.1317  0.0660
p=0.7 | 07117 0.6986  0.6992 | 0.0179  0.0076  0.0048
a=165| 11198 1.2043 13392 | 1.7680 0.5545  0.3434
A=0.15] 1.5565 0.6553  0.4342 | 5.5447 1.2450  0.5977
p=0.2 | 01973 01988  0.1996 | 0.0006  0.0001  0.0001
a=0.05]| 0.0592 0.0535  0.0499 | 0.0018 0.0007  0.0004

A=5 6.3993 56344  5.8804 | 21.0097 7.0537 = 7.1241

Parameter estimation for the MPG distribution is performed using MLE with the support of augmented
Lagrangian minimization method because the solution of MLE cannot be obtained analytically. The perfor-
mance of the MLE estimator is examined by conducting Monte Carlo simulations with various parameter
values and sample sizes. The simulation results show that the estimated parameters are very close to the
true parameter values, particularly for large sample sizes.

Competing interests. The authors declare no competing interests.
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